This study introduces the Multi-Type Maximal Covering Location Problem (MTMCLP) that arises from the design of emergency service networks, and represents a generalization of the well-known Maximal Covering Location Problem (MCLP). Differently from the basic MCLP, several types of incidents and emergency units are considered and hierarchy of emergency units of different types is assumed in the MTMCLP. The numbers of available emergency units of each type are limited to some constants. The objective of the MTMCLP is to choose locations for establishing emergency units of each type, such that the total number of covered incidents is maximized. In order to provide a decision maker with optimal solutions in an efficient manner, a two-phase optimization approach to the MTMCLP is designed. In the first phase, a variant of Reduced Variable Neighborhood Search (RVNS) is applied to quickly find a high-quality solution. The obtained RVNS solution is used as a good starting point for the Linear Programming method in the second phase, which returns the optimal solution to the MTMCLP. All constructive elements of the proposed two-phase method, denoted as RVNS-LP, are adapted to the characteristics of the considered problem. The RVNS-LP approach is evaluated on real-life instances obtained from two networks of police units in Montenegro and Serbia, and randomly generated test instances of larger dimensions. Experimental evaluation shows that the proposed RVNS-LP reached all optimal solutions on all real-life test instances in very short CPU time. On generated test instances, the RVNS-LP also returned optimal solutions in all cases, within short running times and significant time savings compared to CPLEX solver. The mathematical model and the proposed two-phase optimization method may be applicable in the design and management of various emergency-service networks.
Introduction
Covering models are one the most popular facility location models in the literature, due to their numerous applications in practice, especially for locating services and emergency facilities. Many of real-life problems, such as determining the number and locations of public schools, police stations, fire stations, military bases, medical centers, post offices, bank branches, shopping centers, satellite or radar installations, etc., can be formulated as covering problems [11] .
In general, covering problems assume a set of customers and a set of potential locations for establishing facilities. In most of covering problems, it is required that each customer should be served by at least one facility within a given critical distance, denoted as covering radius. However, in many practical applications, located resources are not sufficient to cover all customers with the desired level of coverage. This was a motivation for Church and ReVelle [5] to propose a Maximal Covering Location Problem (MCLP). The MCLP model maximizes the amount of demand covered within the acceptable service distance by locating a fixed number of facilities. The MCLP has showed to be one of the most exploited facility location models from both theoretical and practical points of view. Starting from the work of Church and ReVelle [5] , many variants of the MCLP are presented in the literature up to now. White and Case [29] considered the case of MCLP in which demands of all customers are equal, with the goal to find the maximal number of covered customer (demand) nodes. A steepest descent heuristic was proposed in [29] as a solution method to this variant of MCLP. Klastorin [14] showed that MCLP can be formulated as Generalized Assignment Problem (GAP). The variant of MCLP on the plane was considered by Church [6] , Drezner [9] , and Watson-Gandy [28] . Daskin [8] introduced the maximal coverage location model as one of the variants of set covering model. Probabilistic variant of the MCLP was proposed by ReVelle and Hogan [23] , where each potential facility location has assigned a value measuring the probability that a facility will be established on that location. ReVelle et al. [21] proposed a Maximal Conditional Covering Problem, where customer locations need to be covered by facilities at a given coverage radius, while facility locations themselves are supposed to be covered with a different coverage radius by other facilities, in order to provide secondary support. A generalization of MCLP was introduced by Berman and Krass [3] , who involved multiple set of coverage levels with the degree of coverage being a non-increasing step function of the distance to the nearest established facility. A general class of covering problems was proposed by Hocbaum and Pathria [13] as the class of problems of maximum k-coverage, and MCLP may be observed as its special case. Another generalization of MCLP is the Multimode Covering Location Problem introduced in [7] , which deals with locating a given number of different types of facilities, with a limitation of the number of facilities sharing the same location. A review of papers related to the MCLP and its variants can be found in [10, 15, 24] .
In this study, we introduce a generalization of the MCLP that arises from the design of an emergency service network. We consider the set of cities (representing the set of customers) and set of potential locations for emergency units (service providers). An emergency unit can react to an incident in a city if it is located within a given covering radius from this city. In our model, we distinguish several types of in-cidents, and each city has assigned information on the expected number of incidents of each type, obtained from the statistical data. Different types of emergency units are available, and for each type of emergency unit, it is defined for which types of incident this type of unit is trained to react. A hierarchy among emergency unit types is introduced, meaning that an emergency unit of a certain type can react to incident types handled by emergency units of lower level, but also to some additional types of incidents. The number of available emergency units of each type are limited. The goal of the considered problem is to choose locations for establishing emergency units of each type, such that the number of all covered incidents is maximized. We will refer to the problem as the Multi-Type Maximal Covering Location Problem (MTMCLP). To the best of our knowledge, there are no previously published work on this type of generalization of the MCLP.
The first goal of the study is to formulate the MultiType Maximal Covering Location Problem as an Integer Linear Programming (ILP) model. Note that ILP model for the MTMCLP proposed in this study may find its applications in the management and optimization of various emergency systems. In this paper, we have considered two networks of police units in the states of Montenegro and Serbia, but the model may be also applied to smaller administrative units (regions, cities, city districts, etc.). The proposed model may also be used for military purposes, for example, in determining optimal locations for different types of military units involving hierarchical structure. It can also be applied when optimizing the network of health-care providers, i.e., for determining optimal location of medical centers of different types (ambulances, heath-care centers, clinics, etc.). In addition, the model can be used for designing distribution systems, for example, when it is necessary to determine locations of warehouses of different sizes or levels, where a warehouse of a certain level can store not only the products intended for warehouses of lower levels, but some additional product types as well. The proposed ILP model can be also applied for designing a postal delivery system, the network of bank offices, supermarkets, etc.
The second goal of our study is to develop an efficient decision support system for helping the emergency manager to efficiently balance between providing emergency service and the economic aspect of emergency system. Emergency management is a dynamic system and usually a manager is supposed to make the decision within short time. This indicates the importance of developing an efficient optimization algorithm that will provide emergency manager with necessary data (optimal or high-quality solutions) in short time. In this paper, we propose an optimization method for solving the proposed MTMCLP, based on the combination of Reduced Variable Neighborhood Search (RVNS) heuristic and Linear Programming method (LP). The Reduced Variable Neighborhood Search heuristic (RVNS) is applied first in order to quickly find a high-quality solution to the problem. This solution is used as a good initial solution for the Linear Programming method, which is used in the framework of CPLEX commercial solver, returning optimal solution to the MTMCLP.
The proposed RVNS-LP method was first benchmarked on the two sets of real-life instances obtained from statistical data related to the network of police units in Montenegro and Serbia. The presented results on these instances show that the RVNS-LP provides optimal solution in very short CPU times. The obtained experimental results on real-life data sets are also analyzed from the experts' point of view. In order to evaluate the efficiency of the RVNS-LP on larger emergency network, we have generated the set of instances involving lager number of customers and potential locations for emergency unit locations, as well as larger number of incident types and emergency unit types. The RVNS-LP method was additionally benchmarked on the set of generated instances. The obtained results are presented and analyzed, indicating the efficiency of the proposed RVNS-LP method in the case of larger emergency network as well.
The remainder of paper is organized as follows. In Section 2, we present the Integer Linear Programming formulation of the considered MTMCLP. The proposed RVNS-LP method is described in details in Section 3. In Section 4, we present and analyze computational results obtained on smaller-size real-life problem instances and generated test instances of larger dimension. Section 5 provides a summary of results and suggests some possibilities for future work. 4 so that (4) 4 so that (5) The objective function (1) maximizes the total number of covered incidents in the considered emergency system. The constraints (2) ensure that emergency units of type l established at location j may cover the incidents of type k in city i only if the distance between i and j is not greater than R and k l ≥ k holds. The number of available emergency units of type l is equal to b l , which is indicated by constraints (3). The constraints (4) and (5) denote the binary nature of variables x ki and y lj .
Note that the proposed model represents a generalization of the Maximal Covering Location Problem -MLCP [5] . More precisely, for |K| = |L| = 1 and a ki =1, for all k∈K, i∈I, our model is reduced to the MCLP. Therefore, the proposed model is NP-hard as a generalization of the MCLP, which is proved to be NP-hard in [17] .
Proposed RVNS-LP method
The goal of combining different optimization methods is to exploit the complementary characteristics of different search strategies. In the literature, one can find numerous examples of hybridization two or more optimization algorithms [1, 16, 18, 20, 25] , etc. Although combination of two or more (meta)heuristic methods is the most exploited type of hybridization, there are also examples of successful combination of the exact algorithms with (meta)heuristics for solving many hard optimization problems [2, 22, 26, 27] , etc. The choice of optimization methods to be combined and the way of their hybridization highly depend on the characteristics of the given problem. A detailed survey of state-of-the-art hybrid methods in combinatorial optimization can be found in [4] .
In this paper, we develop a combination of a heuristic and exact optimization method for solving the MT-MCLP. The proposed method consists of two phases: Reduced Variable Neighborhood Search (RVNS) and Linear Programming method (LP). Reduced Variable Neighborhood Search is a variant of well-known Variable Neighborhood Search heuristic, proposed by Mladenović and Hansen [19, 12] . In the RVNS, the deterministic component (local search part) is excluded, since it is usually time consuming. The RVNS showed to be useful for solving problem instances of large dimension, where local search requires significant amounts of CPU time or when it is necessary to obtain good initial solution for other heuristic method in an efficient manner. RVNS is similar to the Monte-Carlo method, but it is more systematic [19, 12] .
The basic idea behind the proposed hybrid method for the MTMCLP is to apply RVNS heuristic in the first phase to quickly find a good initial solution for the second, LP phase, which is implemented within the framework of CPLEX solver. The proposed RVNS-LP method returns optimal solution to the MTMCLP in short CPU time, even in the case of problem instances of larger dimensions. In the next subsections, the structure of the proposed two-phase RVNS-LP method will be explained in details.
Solution representation
Regarding the nature of the considered Multi-Type Maximal Covering Location Problem, the code of potential solution consists of |L| binary segments of length |J|, where each segment corresponds to one type of emergency units. Bits in each of the binary segments of length |J| represent potential locations for establishing police units of certain type. More precisely, segment l, l = 1,2, ..., |L|corresponds to emergency units of type l, and the bits within this segment indicate whether or not an emergency unit of type l is located on a position j, j = 1,2, ..., |J|.
Therefore, the total length of a solution's code is |L| · |J|. If a bit on the position (l-1) · |J| + j has the value of 1, it means that an emergency unit of type l is established at location j. In case that this bit has the value of zero, emergency unit of type l is not located at position j.
Neighborhood structures
In our study, we use a neighborhood structure based on the facility swap distance. More precisely, one swap consists of closing one and opening another emergency unit of the same type in the solution. Swapping of emergency units belonging to the same type is performed by inverting two randomly chosen bits belonging to the same segment of the solution code. Swaps are allowed within the same segment in order to preserve the feasibility of solution. Otherwise, the number of emergency units of type l may become greater than b l for some l∈L.
We consider that a solution S′ is in the k -th neighborhood of the solution S, if S′ can be obtained from S by performing exactly k facility swaps of the same type. We will denote by N k (S), k = 1,2, ..., k max a neighborhood of size k of a solution S. Parameter k max denotes the maximal size of the neighborhood used in the RVNS part.
Objective function calculation
Algorithm 1 shows the procedure of calculating the objective function value of a given solution S. Initially, objective value obj(S) is set to zero. From the solution's code S, we obtain the indices of located emergency units and their types. Once the indices of locations with established units are known, for each city i∈I we obtain the set of located units that lie within the given range from this city N i = {j∈J : d ij ≤ R}, as well as types of these units. For each incident type k∈K and each city i∈I, we check if there is at least one emergency unit of type l established at location j for which k l ≥ k and d ij ≤ R hold, meaning that incident of type k that occurred in the city i will be covered. If this Find all pairs (l, j) ∈ L × J so that y l j = 1 and j ∈ N i 4: end for 5: for all k ∈ K do 6: for all i ∈ I do 7: f ound = false 8: �� is the lowest index for which � �� � � holds 9: for all � � ��� �� � �� � � ��� do 10: for all j ∈ N i do 11: if bit on the position (k l − 1) · |J| + j in solution S has the value of 1 then 12: ob j(S) = ob j(S)+ a ki 13: found = true 14: break 15: end if 16: end for 17: if f ound = true then 18: break 19: end if 20: end for 21: end for 22 : end for 23: return ob j(S)
Structure of the RVNS-LP
The structure of the proposed RVNS-LP algorithm is presented in Algorithm 2. In the initialization part of the RVNS-LP, the initial set of � feasible solutions is created. Each initial solution is generated in a pseudo-random way such that each segment �, � � ���� � � ��� in the solution's code contains up to � � bits with the value of 1 that are randomly distributed in the segment, while remaining bits are set to 0.
The RVNS heuristic is applied first within the proposed two-phase method. Each solution � � , � � ���� � � � from the generated initial set is taken as the initial solution of the RVNS, and the best solution obtained through all RVNS runs is memorized. Therefore, the RVNS phase can be observed as a variant of multi-start RVNS method. In the main RVNS loop, for each run � � ���� � � �, we iteratively try to improve the current best solution � � by searching in its neighborhoods � � �� � ), � � ���� � � � ��� . If a randomly chosen solution � �� ∈ � � �� � ) is better than the current best one � � , we replace � � with �� � , and start the search from this new solution. Otherwise, we change the size of neighborhood and continue the search in � ��� �� � ). The maximal neighborhood size is defined by the parameter � ��� . The RVNS algorithm runs until the maximal number of � ���� iterations is reached (stopping criterion).
The structure of the proposed RVNS-LP algorithm is presented in Algorithm 2. In the initialization part of the RVNS-LP, the initial set of N feasible solutions is created. Each initial solution is generated in a pseudo-random way such that each segment l, l = 1,2, ..., |L| in the solution's code contains up to b l bits with the value of 1 that are randomly distributed in the segment, while remaining bits are set to 0.
The RVNS heuristic is applied first within the proposed two-phase method. Each solution S i , i = 1,2, ..., N from the generated initial set is taken as the initial solution of the RVNS, and the best solution obtained through all RVNS runs is memorized. Therefore, the RVNS phase can be observed as a variant of multi-start RVNS method. In the main RVNS loop, for each run i = 1,2, ..., N, we iteratively try to improve the current best solution S i by searching in its neighborhoods N k (S i ), k = 1,2 Generate initial feasible solution S i 4: end for 5: RVNS phase: 6: for ���� � 1��� � � � ���� do 7: for � � 1��� � � � do 8: while there is an improvement do 9: � ← 1 10: while � � � do 11: Randomly choose �� � from the neighborhood � � �� � ) 12: if ������ � ) � ����� � ) then 13: � � ← �� � , 14: � ← 1 26: for all � � � do 27: if unit of type l is established at location j then 28: � �� ← 1 and j 2 belonging to the same segment l ∈ L. We will denote them as (l, j 1 ), (l, j 2 ) ∈ L × J. Suppose that the bit (l, j 1 ) has changed its value from 0 to 1, and bit (l, j 2 ) has been inverted from 1 to 0.
Let T(r, s) represent the number of established emergency units that are able to react on the incidents of type r ∈ K in a city s ∈ I. Since bit (l, j 1 ) has changed from 0 to 1, it means that emergency unit of type l is established at location j 1 . Therefore, it is sufficient to identify all cities s that lie within the given range R from location j 2 and all incident types r ≤ l, and to increase each of the corresponding values T(r, s) by 1. In case the value T(r, s) is increased from 0 to 1, the objective value will be increased by a rs , and therefore obj(S′ i ) is updated as obj(S′ i ) = obj(S i ) + a rs .
Similarly, since bit (l, j 2 ) has changed from 1 to 0, it means that emergency unit of type l is removed from location j 2 . We identify all cities s that lie within the given range from the location j 2 and all incident types r ≤ l and decrease each of the corresponding values The values of variables y lj and x ki obtained from the solution S best , are used as a starting point for CPLEX solver that is employed in LP part. Starting from these initial values, CPLEX easily solves the linear programming model of the resulting subproblem in short CPU times, i.e., it quickly reaches optimal solution to the MTMCLP and confirms its optimality. As computational results show, the solution S best obtained by multi-start RVNS represents a high-quality initial solution for LP part, which enables CPLEX solver to provide optimal solution in an efficient manner, even in the case of larger problem dimensions.
Computational results
All experiments were carried out on an Intel i5-2430M on 2.4 GHz with 8 GB RAM memory, under Windows 7 operating system. Optimization package CPLEX, version 12.1, was used on the same platform. The implementation of RVNS-LP was coded in C++ programming language. The value of parameter N representing the number of initial solutions is set to 20, while the value of the stopping criterion parameter N iter for the RVNS phase is equal to 5000. The value of k max representing the maximal size of neighborhoods in the RVNS part is set to 3.
In this section, we present results and analysis of extensive computational experiments that were carried out on three sets of instances. Two sets of instances are obtained from the real-life data and they are of smaller and medium size. In order to test the efficiency of the algorithm, we have generated the third set of instances of large dimensions.
Data set 1.
The first data set is generated from the data obtained from the network of police units in the state of Montenegro. The instances are generated with the help of security experts in this area and by using statistical data in past several years. Instances from the Data set 1 involve the set of 21 cities in Montenegro, which is at the same time the set of potential locations of police units. Two types of police units are distinguished in this data set: police intervention teams (PIT) and police special forces units (PSFU). The first type of units reacts in the case of criminal act against human life and property, while PSFUs may also react in the case of severe criminal acts and high-risk law enforcement operations. The driving distances between the cities are used as distances between two locations. In Data set 1, the coverage radius R is varied from 15 to 35 km.
Data set 2.
As the second data set, we have used data from real-life instances presented in [25] . These instances are related to the network police units in the Republic of Serbia. In Data set 2, we consider the set of 145 cities, which are at the same time potential sites for locating police units. As in the case of Montenegro, two types of police units and two types of criminal acts are considered: police intervention teams (PIT) and police special forces units (PSFU). The average numbers of criminal acts of each type are obtained from the data provided by the Statistical Office of the Republic of Serbia. The driving distances between the cities are calculated by using ViaMichelin Maps and route planner. Having in mind that police units need to react as soon as possible, the shortest driving distances between two cities are chosen. In Data set 2, the coverage radius R is varied from 20 to 40 km.
Data set 3.
In order to evaluate the proposed algorithm on larger problem dimensions, we have randomly generated the third data set. In instances be- 
Results obtained for Data sets 1 and 2
We have first performed computational experiments on instances with real-life data. In Table 1 , we present the results of the RVNS-LP method obtained on Data set 1. Column headings in Table 1 From the results presented in Table 1 , it can be seen that for each instance from Data set 1, the solution obtained in RVNS phase coincides with the optimal one. The CPLEX solver that is employed within the LP part quickly proves its optimality, i.e., it is easily confirmed that the solution passed to CPLEX (and taken as a root node of Branch-and-Bound tree) is actually the optimal one. For this reason, in the case of the Data set 1, the number of nodes of the Branchand-Bound tree generated during the CPLEX run is always equal to 0. The average CPU time of RVNS is 0.070 seconds, while the average CPU time of RVNS-LP is slightly longer -0.073 seconds. Average gap of the RVNS solution is 0 %, meaning that the RVNS found optimal solution in each of the 20 runs.
Instances from Data set 2 (related to police network in Serbia) are of larger dimensions compared to instances from Data set 1 (the case of police network in Montenegro). The results of the RVNS-LP obtained on Data set 2 are presented in Table 2 . For each of the considered instances in Data set 2, the best solution obtained in the first phase by multi-start RVNS showed to be the optimal one, since its optimality was quickly confirmed in the second phase by the LP method (the number of nodes is zero). The exception is the last instance with R = 40, where CPLEX solver has visited 7 nodes, starting from the best RVNS solution before finding the optimal solution. From the gap RVNS [%] column, it can be seen that the average gap of RVNS solutions was 0.710 %, which means that some of the best solutions generated during 20 RVNS runs have small gaps from the optimal one. The average time of the RVNS was 0.138 seconds through 20 runs, while RVNS-LP needed 0.157 seconds of running time (in average) to return optimal solution.
In order to analyze the quality of obtained solutions from practical point of view, we compare solutions obtained by the proposed model with the current schedule of police units in Montenegro. The list of 21 municipalities in Montenegro is given in Table 3 . The area of each municipality is observed as a location with a number assigned. In the present situation, all police units of type 2 are located in Podgorica, which is the capital of Montenegro, while police units of type is given in Table 4 . The number of police units of type 1 is fixed to 8, since all of them are located in security By comparing the objective values of solutions corresponding to the current schedule and the optimal one, it can be seen that in all cases the number of covered criminal acts is larger for the optimal schedule obtained by the MTMCLP model. The last column of Table 4 shows improvements (in percent) of the objective values when using the proposed model. As it was expected, smaller improvements were achieved for the largest considered value of covering radius R.
For lower values of R, which imply shorter responding times of police units, the improvements of the objective values are significant. The largest improvement is obtained for b 1 = 8, b 2 = 4, R =15 and it is equal The objective value of the solution corresponding to present situation is equal to 4727, while the objective value of the optimal solution provided by our model is 5207 (the improvement is around 10 %).
Based on the presented analysis, we may conclude that solutions obtained by using the proposed model and RVNS-LP method may help decision-makers and security experts to improve the efficiency of police system by relocating some police units. However, it is important to note that the decision where to locate police units is not only driven by distances and statistical data on the number of criminal acts. In a real-life situation, it is important to take into account some additional conditions, such as the existence of adequate infrastructure, configuration of the terrain, possibility to observe larger geographical areas, etc. The decision making, including some of the mentioned additional conditions, may be the subject of investigation in our future work.
Results on generated instances
We have further benchmarked the RVNS-LP methWe have further benchmarked the RVNS-LP method on generated instances from Data set 3, involving |I| = 200, 250 user nodes and |J| = 40, 45 potential locations for emergency units. Differently from Data sets 1 and 2, in Data set 3, the number of incident types and the number of emergency unit types may be different, i.e., |K| ≠ |L| in general. The results are presented in Table 5 in the same way as in Tables 1-2 . In order to confirm that a good-quality RVNS solution that is passed as the initial solution to the LP method may significantly reduce the total running time, we add one more column ∆t[%] in Table 5 . This column shows time savings (in percents) achieved by using the best RVNS solution from the first phase as the initial solution in the LP phase.
From the results presented in Table 5 , it can be seen that for larger problem instances with |I| = 200, 250 users, the RVNS phase produces high-quality solutions in short CPU times. The average running time of RVNS phase for instances in Table 5 is t RVNS = 0.536 seconds. The average gap of the objective value of the best solution produced by multi-start RVNS from the optimal one is low -0.204 %, meaning that the best RVNS solution is close to the optimal one. However, the CPLEX solver applied within the LP part still needs additional effort to reach optimal solution starting from the best RVNS solution from the first phase, and to confirm its optimality. On average, the CPLEX solver visits 2340.104 nodes of the Branchand-Bound tree until the optimal solution is found. The average running time that RVNS-LP needed to detect optimal solution and to confirm its optimality is quite short (9.641 seconds). Data presented in col- Table 5 .
In Table 6 , we present the results obtained on generated instances from Data set 3 with |I| = 300, 350 user nodes and |J| = 50, 55 potential locations for emergency units. As in Table 5 , different number of incidents and emergency units are considered. The RVNS had similar performance on these instances: the average gap of the RVNS solution was 0.185%, while average running time was 0.852 seconds through 20 runs. However, the LP method needed more effort to find optimal solution, starting from the initial one provided in the RVNS phase. The average number of visited nodes before detecting optimal solution was 18 436.082. In average, total running time of the RVNS-LP method was 118.421 seconds, which is quite short having in mind problem dimensions. From the column ∆t[%] of Table 6 , it can be seen that CPLEX time savings obtained when using multi-start RVNS to produce initial solution for the LP phase are up to 48.809 %, while average time savings are 18.308 %.
In order to provide a graphical representation of the results, we have divided the set of generated instances into subsets of instances having the same values of three parameters |I|, |J| and R, and calculated average values of the obtained results for these subsets.
In Figure 2 , we present average objective values over the subsets of instances with fixed triples of parameters (|I|, |J|, R). As it was expected, the average objective values are steadily increasing as the number of nodes increases. It can also be noticed that for fixed values of |I| and |J|, the average objective values are generally increasing as coverage radius R increases. Figure 3 shows the comparison of the average CPU times of RVNS and RVNS-LP methods for generated instances with fixed triple of parameters (|I|, |J|, R). The average CPU time of RVNS method was very short (under 1 second), but the best RVNS solution had a certain gap from the optimal one. Therefore, the LP part needed additional CPU time to detect the optimal solution and confirm its optimality. However, from Figure 3 it can be seen that average CPU time in which RVNS-LP produced optimal solution for the largest considered instances with |I|=300, |J|=55 and R = 60 is around 270 seconds, which is relatively short considering problem dimension and the fact that the optimal solution is provided. Finally, in Figure  4 , we present the average time savings (in percents) obtained when using the best RVNS solution as the starting point for the LP part. Note that time-savings depend on the quality of the RVNS solution from the first phase as well as on the nature of the considered instances. As it can be seen in Figure 4 , the average time-savings vary between 11 % an 43 % for the considered groups of generated instances with fixed parameters |I|, |J| and R.
Conclusions
This paper introduces the Multi-Type Maximal Covering Location Problem (MTMCLP) in emergency service networks, representing a generalization of the well-known Maximal Covering Location Problem (MCLP). In the proposed MTMCLP, different types of incidents and emergency units are considered, and it is assumed that limited number of emergency units of each type is available. A hierarchy among emergency units is introduced, meaning that an emergency unit of a certain type can cover the same incident types as emergency units of lower level, as well as additional incident types. The objective of the MTMCLP is to find optimal locations for establishing emergency units of each type, so that the total sum of covered incidents is maximized. An efficient two-phase optimization algorithm (RVNS-LP) is designed to solve the considered problem. In the first phase of the optimization algorithm, a variant of Reduced Variable Neighborhood Search (RVNS) is applied, producing high-quality solution in very short CPU time. The RVNS uses neighborhood structures that are appropriate for the considered MTMCLP. The neighborhoods of the current solution are explored in an efficient manner by using a time-saving strategy in the procedure for objective function calculation. The RVNS is run on the set of randomly generated initial solutions, and the best solution obtained through multiple RVNS runs is used as the starting point for the Linear Programming method in the second phase. The LP method is used within the framework of commercial CPLEX software, and it was showed that significant savings of CPLEX running times may be obtained when using high-quality solution from the RVNS phase as the initial solution for the LP part.
The proposed RVNS-LP was benchmarked on two sets of real-life instances and on the set of randomly generated instances of larger dimensions. Our experimental evaluation shown that the RVNS-LP solves all real-life instances to optimality in very short CPU times. On generated test instances, the RVNS-LP provided optimal solutions in reasonably short running times, having in mind problem dimensions. From practical point of view, solutions obtained by using the proposed model and RVNS-LP approach show significant improvement compared to current solutions regarding objective values, i.e., the increase of the total number of covered incidents. However, relocation of police units requires additional costs, but on the other side, it may lead to better efficiency of a security system. The solutions proposed in this study have a potential to be considered when creating a long-term security system strategy. Future work may involve a modification of the proposed MTMCLP model in order to include some specific emergency system requirements, as well as adapting the RVNS-LP in order to solve similar covering problems related to emergency networks. The development of some metaheuristic methods for MTMCLP and testing their performances against the RVNS-LP is another future work direction.
